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Abstract

The FEAST algorithm is a method for computing extreme or interior eigenvalues of a matrix or

matrix pencil. Each step of this algorithm involves repeatedly solving linear systems (which are complex

and generally ill-conditioned) along a contour in the complex plane. Most of the previous research

done on the FEAST algorithm has used direct solvers for these systems. In this report, we consider

instead using iterative solvers for FEAST. Focusing on the standard symmetric eigenvalue problem, we

explore the use of MINRES, as well as GMRES with and without preconditioning. Through numerical

experiments, we conclude that FEAST can be employed effectively with a preconditioned iterative solver

to find eigenpairs of large, sparse matrices.

1 Introduction

Consider the generalized eigenvalue problem, which is to find a scalar λ and an n-dimensional vector x

such that

Ax = λBx

for A,B ∈ Cn×n. If B is nonsingular, this is equivalent to computing an eigenpair of the matrix M :=

B−1A. The FEAST method [14] finds all such eigenpairs that have λ in some region Γ in the complex

plane.

The computational backbone of FEAST is the solution of several linear systems along a contour in the

complex plane. If A and B are large and sparse, the current implementation of FEAST solves these systems

using the Intel MKL-Pardiso solver [15]. Despite the availability of this option, much of the previous work

in the FEAST literature has focused on matrices of size 500 to 4,000 [10, 11, 22, 21]. Some exceptions are:

the original FEAST paper [14], which employed FEAST on a matrix of size 12,450; the work of and Güttel

et al. [9], which had a maximum matrix size of 176,622; and Aktulga et al. [1], which explored FEAST for

standard eigenvalue problems of dimensions as high as 327,000. To our knowledge, the only work that has

explored the use of iterative solvers in FEAST is that of Krämer et al. [11], which performed empirical

testing of different variants of FEAST. In it, GMRES was employed with different tolerances on a matrix

of size 1,059.

The purpose of this project is to implement FEAST in Matlab with iterative linear solvers and

explore what impact this has on the performance of the method. We focus primarily on the standard

eigenvalue problem (i.e. B is the identity) with real symmetric A.

∗Email: smbrad@cs.ubc.ca

1



1.1 Overview of the FEAST method

We now describe the derivation of the FEAST algorithm in the case where A is Hermitian and B is

Hermitian positive definite (for a derivation in the non-Hermitian case, see [21]).

The main computational work of FEAST lies in applying a rational function to M that approximates

the indicator function

π(µ) =
1

2πı

∫
Γ

1

γ − µ
dγ, (1)

where Γ is a contour in the complex plane that encloses the desired eigenvalues. Cauchy’s integral theorem

tells us that π(µ) = 1 for µ ∈ Γ, and π(µ) = 0 otherwise.

Define g(µ; z) := 1
z−µ for a scalar input µ and parameter z. By convention, we define the function

g(M; z) for a matrix M as g(M; z) = (zI−M)−1. If we assume that M is diagonalizable – as is the case

with Hermitian A and B – we can write M = XΛX−1, meaning that

g(M; z) : = (zI−M)−1

= (zXX−1 −XΛX−1)−1

= X(zI− Λ)−1X−1

= Xg(Λ; z)X−1,

(2)

where g(Λ; z) is the diagonal matrix with each diagonal entry λ of Λ replaced by g(λ; z).

Our focus is on Hermitian matrices, which have real eigenvalues. Therefore, we assume that our

interval of interest is given by I := [λ−, λ+] ∈ R. For some complex contour Γ enclosing I, we estimate

the integral π(µ) by numerical quadrature. We assume we have m quadrature nodes in the upper half of

the complex plane, and m nodes in the lower half. We therefore wish to construct a function of the form

ρm(µ) :=
2m∑
i=1

wi
zi − µ

,

with ρm(µ) ≈ π(µ). For matrix input, the function is defined as

ρm(M) : =

2m∑
i=1

wi(ziI−M)−1

=
2m∑
i=1

wi(ziB−A)−1B.

(3)

From Equation (2), we see that ρm(M) will have the same eigenvectors xi as M, but its eigenvalues will

be given by ρm(λi), where λi are the original eigenvalues of M. Rather than computing ρm(M) directly,

we postmultiply by a set of vectors Q = [q1,q2, ...,qp] to compute ρ(M)Q. This entails solving 2m linear

systems, each with multiple right-hand sides Bqj . If ρm is a good approximation to the indicator function

π (Equation (1)), ρ(M)Q approximates the application of the spectral projector to Q. Specifically, we

will have ρm(M)Q ≈ XΓX
H
Γ BQ, where XΓ are the (B-orthogonal) eigenvectors corresponding to the

eigenvalues of M in Γ. In FEAST, we use the vectors resulting from the approximate spectral projection

in a Rayleigh-Ritz procedure, and the resulting Ritz vectors form the right-hand side vectors Q for the
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next iteration.

Pseudocode for the FEAST method (as presented in [22]) is given in Algorithm 1. Constructing the

filter function ρm and selecting a search space dimension p are discussed in Sections 3 and 4, respectively.

Algorithm 1: FEAST

Input: Hermitian A, h.p.d. B, interval I = [λ−, λ+], search space dimension p
Output: All eigenpairs (λ,x) of M = B−1A such that λ ∈ I

1 Construct ρm(µ) :=
∑2m

i=1
wi
zi−µ to approximate the indicator function for I;

2 Pick p random n-vectors Q(0) = [q1,q2, ...,qp];

3 for k = 1, 2, ... until convergence do
4 Y(k) ← ρ(M) ·Q(k−1) (see Equation (3));

// Rayleigh-Ritz procedure:

5 Obtain reduced p× p system: Â(k) ← YH
(k)AY(k), B̂(k) ← YH

(k)BY(k);

6 Solve Â(k)X̂(k) = B̂(k)X̂(k)Λ̂(k) for X̂(k), Λ̂(k);

7 Set Q(k) ← Y(k)X̂(k);

8 end

2 Survey of other eigenvalue solvers

In this section we will go over some other established methods for eigenvalue problems.

2.1 Standard eigenvalue problem

To compute the entire spectrum of a (generally fairly small) real matrix, a common method is the QR

algorithm [7], which computes the Schur decomposition of a given matrix. Namely, we factor A = QHTQ,

where Q is orthonormal (or unitary, if A is complex), and T is upper triangular. Here the eigenvalues of

A are given by the diagonal entries of T, and the columns of Q are called the Schur vectors of A.

Sometimes, computing a full Schur factorization is too expensive, or we aren’t interested in the entire

spectrum of a matrix. Several methods compute only a subset of the spectrum. The simplest of these is

the power method [17, chapter 4]: given a nonzero initial vector v0, the sequence Akv0 will eventually

converge to the eigenvector corresponding to the largest modulus eigenvalue λ1 of A, provided that λ1

is semi-simple. We can generalize this to subspace iterations: instead of a single vector, we consider the

sequence X(k) := AkX(0), where X(0) is a system of vectors [x0,x1, ...,xm]. Under a few assumptions, the

columns of X(k) converge in direction to the m dominant Schur vectors of A (see [17, chapter 5]). For

this to occur, we must force the columns of X(k) to be linearly independent – otherwise, all columns will

converge to the single dominant eigenvector. This is done by computing a QR decomposition X(k) = QR

at each step and setting X(k) := Q, which ensures that the vectors will be orthogonal.

Rayleigh-Ritz methods Power methods and subspace iterations are rarely used alone: they more

often form a building block for more sophisticated algorithms. A large class of methods uses the Rayleigh-

Ritz procedure [17, chapter 4]: given an orthonormal basis Vn×s that approximates some portion of the

spectrum of A, we compute the eigenpairs of a smaller (s×s) matrix H := VHAV. If (λ,x) is an eigenpair
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of H then (λ,Vx) is called a Ritz pair of A. If the range of V approximates the range of the eigenvectors

of interest sufficiently well, the Ritz pairs will be a good approximation of the eigenpairs of the original

matrix.

The best-known methods of this type are the Arnoldi and Lanczos methods, in which Vs is an

orthonormal basis for the Krylov subspace Ks := span{v0,Av0,A
2v0, ...,A

s−1v0} for some nonzero initial

vector v0. This results in an upper Hessenberg matrix Hs (or tridiagonal, in the case of the Lanczos

method). In general, the Ritz pairs will approximate the extremal eigenpairs of A fairly quickly, but

interior eigenpairs will converge more slowly. Some methods – for example, those of Davidson [3] and

Jacobi-Davidson [20] – apply preconditioning to the search vectors obtained in an Arnoldi procedure,

which can speed up convergence for some matrices.

Filtering methods Computing interior eigenvalues is more challenging. The most conceptually straight-

forward technique is the shift-and-invert iteration, in which we perform subspace or Krylov iterations

using (A − σI)−1 instead of A. This matrix has the same eigenvectors as A, but its eigenvalues are

λnew
i = 1/(λi − σ), i = 1, ..., n. Hence, the largest-magnitude eigenvalues λnew

i of the inverted matrix will

be those corresponding to λi near σ. We then have faster convergence of eigenpairs near σ, but at the cost

of multiple linear system solves with a matrix that will generally be indefinite, and may be ill-conditioned

if A has eigenvalues very close to σ.

For matrices that are too large to invert, it’s common to use filtering techniques that eliminate portions

of the search space in the direction of unwanted eigenvectors. For example, one can replace the standard

power iterations with polynomial iterations of the form zq = pq(A)z0, with pq being a degree-q polynomial

constructed based on some knowledge of the spectrum of A, according to what portion of the spectrum

is of interest. Examples of this class of method include the explicitly and implicitly restarted Arnoldi and

Lanczos methods [8], and the polynomial filtered Lanczos method developed in [6].

An alternative to polynomial filtering is to construct filters based on rational functions of A [9].

FEAST is an example of this class of method, as its subspace iterations use a rational function ρ that

approximates the indicator function over the interval of interest [22]. Within the same group is the

Contour Integral Rayleigh-Ritz (CIRR) method [19]. Like FEAST, this method uses rational functions

derived from Cauchy’s integral theorem to find eigenpairs in a certain interval; but CIRR instead uses

these functions to approximate moment matrices, which are then used in a Rayleigh-Ritz procedure.

2.2 Generalized eigenvalue problem

Of the Rayleigh-Ritz techniques listed above for standard eigenvalue problems, only FEAST and CIRR

are directly applicable to the generalized eigenvalue problem. In FEAST in the generalized case, we use

numerical integration to estimate the integral

π(M) :=
1

2πı

∫
Γ
(zB−A)−1Bqj dz,

for different right-hand sides qj . The CIRR method is similar, but instead approximates several integrals

of the form

sk :=
1

2πı

∫
Γ
(z − γ)k(zB−A)−1Bqj dz, k = 0, 1, ...,m− 1,
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for some γ inside Γ. Note that in FEAST we only approximate the integral s0. For details and explanation

of CIRR, we refer to [18, 19].

3 Numerical quadrature

In this section we focus on computing quadrature nodes and weights – which we will denote by zi and wi,

respectively – so that

ρm(µ) =

2m∑
i=1

wi
zi − µ

(4)

approximates the indicator function (as defined by the contour integral π(µ) in Equation (1)) over the

interval [−1, 1]. We are assuming without loss of generality that the pencil (A,B) has been transformed

linearly such that the wanted eigenvalues are in [−1, 1]. We derive node-weight pairs based on Gaussian and

trapezoidal quadrature in sections 3.1 and 3.2, respectively, and discuss in section 4 how the quadrature

function affects the convergence of FEAST.

Integral parameterization For a given scaling parameter S, we define a family of ellipses ΓS intersect-

ing the real line at −1 and 1 by:

ΓS =

{
γ : γ = γ(θ) =

Seıθ + S−1e−ıθ

S + S−1
, θ ∈ [0, 2π)

}
. (5)

For S = ∞, this gives the unit circle, while for finite S it gives a vertically flattened ellipse. By variable

substitution, we can then evaluate the integral π(µ) by

π(µ) =
1

2πı

∫ 2π

0

γ′(θ)

γ(θ)− µ
dθ =:

∫ 2π

0
fµ(θ)dθ, (6)

where

fµ(θ) =
1

2π

(Seıθ − S−1e−ıθ)/(S + S−1)

(Seıθ + S−1e−ıθ)/(S + S−1)− µ
.

3.1 Gaussian quadrature

As in [14], we use m Gauss quadrature nodes θ
(G)
i on the interval [0, π] and another m nodes θ

(G)
i on [π, 2π],

all with corresponding quadrature weights ω
(G)
i . The quadrature approximation for π(µ) is then given by

π(µ) ≈
2m∑
i=1

ω
(G)
i fµ(θ

(G)
i ) =: ρ(G)

m (µ).

We then define the mapped Gauss nodes and weights as

z
(G)
i =

Seıθ
(G)
i + S−1e−ıθ

(G)
i

S + S−1
, w

(G)
i =

ωi
2π

Seıθ
(G)
i − S−1e−ıθ

(G)
i

S + S−1
,
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and then write

ρ(G)
m (µ) =

2m∑
i=1

w
(G)
i

z
(G)
i − µ

. (7)

By construction, the nodes and weights both appear in complex conjugate pairs. Specifically, for i =

1, ...,m, zi = zm+i and wi = wm+i. Note that, for real µ,

w

z − µ
=

(
w

z − µ

)
.

Therefore,

wm+i

zm+i − µ
=

(
wi

zi − µ

)
, i = 1, ...,m,

which means we can rewrite Equation (7) as

ρ(G)
m (µ) = 2 · Re

(
m∑
i=1

w
(G)
i

z
(G)
i − µ

)
. (8)

Analogously, for real symmetric matrices A,B, and a real matrix Q, we can write

ρ(G)
m (M)Q :=

2m∑
i=1

w
(G)
i (z

(G)
i B−A)−1BQ = 2 · Re

(
m∑
i=1

w
(G)
i (z

(G)
i B−A)−1BQ

)
.

Hence, in the strictly real case, we can perform the quadrature step of FEAST using only m of the 2m

quadrature nodes. This means the required number of linear system solves is now mp instead of 2mp,

where p is the number of columns of Q.

3.2 Trapezoidal quadrature

The construction of the trapezoidal approximant ρ
(T )
m is similar to the Gaussian case, but we begin with

the trapezoid rule to estimate
∫ 2π

0 fµ(θ)dθ. We use equispaced quadrature nodes θ
(T )
i = π(i− 1/2)/m and

equal weights ω
(T )
i = π/m for i = 1, ..., 2m. Defining the mapped nodes z

(T )
i and weights w

(T )
i from θ

(T )
i

and ω
(T )
i in the same way as in the Gaussian case, we can now write

ρ(T )
m (µ) =

2m∑
i=1

w
(T )
i

z
(T )
i − µ

. (9)

In this case, note that for i = 1, ...,m, z
(T )
i = z

(T )
2m−i and w

(T )
i = w

(T )
2m−i. Therefore, we can use the same

reasoning as we did in the Gaussian case to write

ρ(T )
m (µ) = 2 · Re

(
m∑
i=1

w
(T )
i

z
(T )
i − µ

)
(10)
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Figure 1: Gaussian quadrature with (half) number of quadrature points m = 3, 5, 8, and shape parameters
S = ∞, 2, 1.25. Top figures show quadrature nodes for m = 3, and bottom figures show the value of ρ(µ)
for positive µ only (as ρ is symmetric about µ = 0). Smaller values of S result in more rapid decay outside
the interval, at the expense of added oscillations inside the interval.

for all real µ. The analogous result also holds for the matrix case, assuming real symmetric A,B, and real

Q.

4 Convergence of the FEAST method

We now describe how the choice of quadrature function ρ affects convergence of the desired eigenpairs.

This will also shed light on how to select a search space dimension p for a particular FEAST instance. We

ignore the presence of any errors in the computation of ρ(M)Q(k). For convergence analysis of FEAST

with linear solver errors, we refer the reader to [22].

Assume that our search space has dimension p, and that the eigenvalues λj , j = 1, ..., n of M are
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Figure 2: ρ
(T )
m (µ) for the interval (−1, 1) with S =∞, 2, 1.25, and with (half) number of nodes equal to 3,

5, 8. Plots show the results of the integration for real µ. The function is even, so we only show positive
µ values. Smaller values of S result in more rapid decay outside the interval, at the expense of added
oscillations inside the interval.

ordered such that |ρ(λ1)| ≥ |ρ(λ2)| ≥ ... ≥ |ρ(λn)|. Let xj denote the eigenvector corresponding to λj . Let

Q(k) := span(Q(k)), and let q denote the number of eigenvalues of M in the interval of interest [λ−, λ+].

The following result was proven in [22]:

Theorem 1 (Tang and Polizzi, 2014). At iteration k of FEAST with quadrature rule ρ, for each j =

1, 2, ..., q, there is a vector sj ∈ Q(k) such that ||xj − sj ||B ≤ α|ρ(λp+1)/ρ(λj)|k, where α is a constant. In

particular, ||(I −P(k))xj ||B ≤ α|ρ(λp+1)/ρ(λj)|k, where P(k) is the B-orthogonal projector onto the space

Q(k).

Note that, for the standard eigenvalue problem, the B-norm reduces to the 2-norm. In this case,

Theorem 1 tells us that the distance between an eigenvector xj and the span of the Ritz vectors is attenuated

by a factor of |ρ(λp+1)/ρ(λj)| after each FEAST iteration.

Selecting a search space size From Theorem 1, we see that FEAST will converge more quickly

the smaller the value of |ρ(λp+1)|. For a given quadrature function ρ, this value will be monotonically

nondecreasing as the dimension p of our search space is increased. But, because increasing p requires

solving additional linear systems at each iteration, there is a trade-off between the FEAST convergence

rate and the amount of work per iteration.

In the original FEAST paper [14] and in [22], it was suggested that one should generally use p = 1.5q,

where q is the number of eigenpairs in the search interval. (This, of course, requires a prior estimate

of q, but techniques to address this problem have been developed in [12].) The reasoning behind this

recommendation was that, when ρ(µ) is an 8-point Gaussian quadrature function over a circular contour

for the interval [−1, 1], ρ(1.5) ≈ 10−3. Therefore, if the spectrum of M is approximately evenly distributed,

we would expect to see ||(I−P(k))xj ||B → 0 at a rate of 10−3k.
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However, Güttel et al. [9] later explored the use of different quadrature functions with elliptical

contours, instead of just circular ones. From Figures 1 and 2, we see that for both quadrature types,

functions based on elliptical contours decay more quickly outside the interval of interest, at the expense of

some oscillation and early decay within the interval. We would expect – and this was verified experimentally

in [9] – that by using elliptical contours, we can achieve a desirable convergence rate with a smaller search

space than we could with circular contours.

5 FEAST with iterative linear solvers

The main work of FEAST is in the solution of the linear systems to approximate the spectral projector.

For standard problems with real A, these equations are of the form

(ziI−A)yi,j = qj , i = 1, ...,m, j = 1, ..., p. (11)

If A is large and sparse, we would like to be able to solve these equations with iterative solvers. However,

the matrices will generally have eigenvalues near the contour points, making the systems ill-conditioned.

Additionally, the shifts zi are complex, meaning that the systems will be non-Hermitian even if A is

symmetric.

5.1 Iterative solver candidates

For each of the p right-hand side vectors qj , we must solve m shifted systems (with complex shifts).

If we use a Krylov solver, we can solve these more efficiently as Krylov subspaces are invariant under

shifts – namely, if Vs is a basis for an s-dimensional Krylov subspace and Hs := VH
s (−A)Vs, then

VH
s (ziI−A)Vs = ziI + Hs, where Hs is upper Hessenberg.

Symmetric case When A is symmetric, Hs is tridiagonal, and therefore so is ziI + Hs. Thus, for a

given right-hand side qj , each shifted system reduces to a tridiagonal matrix, all with the same Krylov

basis vectors Vs. This means that even though our matrices are non-Hermitian, we can still formulate a

three-term recurrence relation between the basis vectors vj [16]. Hence, we can solve these systems with

the MINRES method [23].

Non-symmetric case When A is non-symmetric [21], we can still use the same Krylov subspace for

the shifted systems, but MINRES is no longer applicable. We can alternatively use the GMRES method.

The GMRES-DR-Sh method of [4] is one approach for taking advantage of shifted systems with multiple

right-hand sides, although in its original implementation it can’t be used with preconditioning.

5.2 Iterative solvers with preconditioning

Ideally, we would like to use a preconditioner P to accelerate the convergence of the linear solvers we’ve

just described.
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MINRES : In general, we can precondition MINRES as long as the preconditioner P is symmetric

positive definite. However, matters are complicated for our problem because the systems are shifted by a

complex value zi. Assume we have factored P = P1/2P1/2 (with P1/2 symmetric), and consider the split

preconditioned system:

P−1/2(ziI−A)P−1/2(P−1/2yi,j) = P−1/2qj .

If (ziI−A) was real symmetric, it would follow that the iteration matrix P−1/2(ziI−A)P−1/2 would be real

symmetric as well. However, in our case the shift zi is complex, which would mean that the preconditioned

matrix, while still being symmetric, will be non-Hermitian. With the complex elements of the system not

necessarily restricted to a shift along the diagonal, standard MINRES may not be applicable, as the Krylov

basis vectors could no longer be expressed as a three-term recurrence. There are approaches that could

be used to overcome this: for example, we could use preconditioning if we used the MINRES variant for

complex symmetric systems developed by Choi [2], but an investigation of this is beyond the scope of this

report.

GMRES : When we don’t precondition GMRES, we can easily take advantage of the shifted systems.

Since the Krylov subspaces are invariant under shifts, we can construct a single Krylov basis for each

right-hand side.

Matters are more complicated if we wish to use preconditioning. When we precondition the shifted

systems, they will no longer be shifted by the identity; thus, their Krylov spaces are no longer equivalent,

and reusing information efficiently between the different systems is not as straightforward. There are

preconditioned methods that can improve efficiency by taking advantage of related linear systems and

multiple right-hand sides – see, for example, the work of Parks et al. [13] – but an exploration of these

methods is left as a subject for future work.

6 Numerical experiments

All experiments focus on the standard eigenvalue problem with real symmetric A. We use MINRES-FEAST

to denote FEAST with MINRES linear solvers, and GMRES-FEAST to denote the use of GMRES.

All code is implemented in Matlab. We use the Parallel Computing toolbox with 4 workers in

the parallel pool to solve the p different right-hand sides in Equation (11). Experiments were run on a

commodity PC with a 3.60 GHz Intel Core i7-4790 processor and 16 GB of memory.

We check for convergence of FEAST by measuring the residual norms of the computed Ritz pairs

(λ,x) that have λ ∈ [λ−, λ+]. Specifically, we say the method has converged if ||Ax − λx||2 < tol for all

such eigenpairs (with ||x||2 = 1), where tol is a user-specified residual tolerance. The following experiments

are all performed with tol = 10−10.

6.1 Test matrices

We begin with a brief description of the three real symmetric matrices used in the following experiments.

We use the Trefethen 2000 matrix 1, the Andrews matrix 2 and the c-big matrix from the Schenk IBMNA

1www.cise.ufl.edu/research/sparse/matrices/JGD_Trefethen/Trefethen_2000.html
2www.cise.ufl.edu/research/sparse/matrices/Andrews/Andrews.html
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group 3, all of which were obtained from the University of Florida Sparse Matrix Collection [5]. Table 1

summarizes some properties of the matrices, and sparsity patterns are shown in Figure 3.

Matrix
Trefethen 2000 Andrews c-big

n 2,000 60,000 345,241

Nonzeros 41,906 760,154 2,340,859

Full eigen-range [1.12, 1.74e+04] [0.0, 36.49] [−337.19, 338.99]

nnz(L+U), with AMD 1,699,188 234,019,880 144,569,235

Table 1: Summary of the different test matrices used in our numerical experiments.

6.2 GMRES-FEAST vs. MINRES-FEAST

In this experiment we explore the performance of FEAST with MINRES, GMRES, and GMRES precondi-

tioned with ILUTP using a drop tolerance of 0.01. We use no restarting with either GMRES solver. This

experiment is performed on the symmetric positive definite 2,000×2,000 Trefethen 2000 matrix. For our

experiment, we find the q = 20 eigenpairs with λ ∈ [31.2, 113.5]. We use a search space dimension p = 26

with the same random initial subspace Q(0) for all methods. The tolerance of all linear solvers is 10−12. We

use 8-point Gaussian quadrature with shape parameter S = 2.0. According to Theorem 1, in the absence

of linear solver errors this should give us a convergence factor of 4.6 × 10−5 for the slowest-converging

eigenpair (note that we can’t generally compute this value in practice, as it requires knowledge of the

eigenvalues of the matrix).

Results In all cases, FEAST took three iterations to converge. Table 2 summarizes the number of linear

solver iterations and computational time required for each iteration.

Iteration 1
(FEAST)

Iteration 2
(FEAST)

Iteration 3
(FEAST)

Total

MINRES
Solver iterations 166,685 127,213 36,937 330,835
Time (s) 4.6 3.5 1.2 9.3

GMRES
Solver iterations 146,864 108,305 27,608 282,777
Time (s) 130.1 99.7 24.7 244.5

GMRES-ILUTP
Solver iterations 1,487 1,513 1,509 4,509
Time (s) 1.5 1.3 1.3 4.2

Table 2: MINRES-FEAST vs. GMRES-FEAST, for finding 20 eigenpairs of the Trefethen 2000 matrix.
MINRES and GMRES refer to unpreconditioned solvers, with Krylov subspaces recycled between shifted
systems, and GMRES-ILUTP refers to GMRES preconditioned with ILUTP(τ = 0.01), with all systems
solved independently. “Solver iterations” denotes the total number of linear solver iterations used for
all m · p = 208 linear system solves at each FEAST iteration. Total time for GMRES-ILUTP includes
factorization time.

3www.cise.ufl.edu/research/sparse/matrices/Schenk_IBMNA/index.html
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(a) Trefethen 2000 (b) Andrews

(c) c-big

Figure 3: Sparsity patterns of the matrices Trefethen 2000; (upper left quarter of) Andrews; and c-big.

At the first iteration – when all solvers have the same random right-hand side vectors – MINRES

requires an average of 801 iterations per linear system solve. For GMRES without preconditioning, the

average is 706 iterations per linear system solve; however, due to orthogonalization costs, these iterations

are much more expensive, and the computational time increases substantially.

We get much better results when we precondition GMRES, instead of taking advantage of the shifts as

we do in the unpreconditioned version. Computing the ILUTP factorizations takes a total of 0.05 seconds

for all eight systems, and the resulting factorizations L+U have between 2,500 and 2,800 nonzero entries.

By preconditioning, we go from an average of 706 iterations per linear system to an average of 7 iterations.
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6.3 Preconditioned GMRES-FEAST for large matrices

From the previous experiment, we saw that we gained more computational savings by preconditioning the

linear systems than by exploiting symmetry (as with MINRES) or taking advantage of equivalent Krylov

subspaces across shifted systems (as with MINRES and unpreconditioned GMRES). We now explore the

scalability of preconditioned GMRES-FEAST by testing it on two large matrices: the Andrews matrix (size

60,000) and the c-big matrix (size 345,241). In both cases, we find 100 eigenpairs (extreme for Andrews

and interior for c-big) using a random initial subspace of size p = 130. We use 8-point trapezoidal

quadrature with S = 1.05. All shifted matrices are preconditioned with ILUTP and all solver tolerances

are set to 10−10.

In both cases, convergence of all desired eigenpairs is achieved in three iterations. A summary of the

results is given in Table 3. Iteration counts for both the FEAST algorithm and the linear solvers suggest

that our approach is effective for large matrices.

Matrix
Andrews (60,000×60,000) c-big (345,241×345,241)

Experimental setting

Interval [λ−, λ+] [0.0, 1.3] [45.2, 50.0]

ILUTP drop tolerance 5.0× 1e−3 1.0× 1e−3

Results

Average nnz(L+U) (over all shifts) 2,767,412 5,697,775

Total ILUTP factorization time (s) 1,864.9 60.7

Average GMRES iterations per LS solve 119.0 8.5

Max GMRES iterations for any LS solve 220 16

FEAST iterations to convergence 3 3

Average time per FEAST iteration (s) 8,192.7 2,578.3

Table 3: Results of FEAST for finding 100 eigenpairs of the matrices Andrews (size 60,000) and c-big

(size 345,241).

7 Conclusions

In this report we explored the use of iterative solvers within the FEAST method to compute eigenpairs of

sparse symmetric matrices. We conclude that using FEAST with preconditioned GMRES is a promising

approach, and we demonstrated the effectiveness of the method by computing eigenpairs of matrices of

dimensions up to the hundreds of thousands.

There are several possible ways we might employ iterative solvers even more effectively within FEAST.

We observed in our experiments that MINRES iterations are cheap, but that without preconditioning, the

iteration counts tend to be rather high. If we apply a complex symmetric version of MINRES, as was

developed in [2], we could then use MINRES solvers with preconditioning.

Within FEAST, we solve a few (often eight) different systems, for several right-hand sides. Our

preconditioned approach doesn’t attempt to exploit any relationship between the different systems, and

none of the methods explored here have taken advantage of the fact that each system is being solved
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repeatedly for multiple right-hand sides. Krylov subspace recycling methods – particularly those that can

be used in conjunction with preconditioning, such as in [13] – represent a promising area of future research.

In performing the numerical experiments, we observed that we require tight linear solver tolerances

(generally somewhere between 10−9 and 10−12) to obtain reliable FEAST convergence to 10−10. Further

research is needed to determine whether there may be ways to reduce the need for very accurate linear

system solves. This may also mean that, under some circumstances (such as when we find we need a

solver tolerance of 10−12), we gain little from using iterative instead of direct solvers. A question for future

research is to determine more precisely the circumstances under which a particular FEAST instance would

benefit most from the use of iterative solvers.

A limitation of this work is that it doesn’t take full advantage of one of the key benefits of FEAST,

which is that FEAST is inherently parallelizable: we can parallelize the solutions of the separate linear

systems as we’ve done here, or we can partition the interval of interest and run FEAST on each segment

in parallel (see [1, 9]), or both. We’ve made limited use of parallelization here, but could achieve better

results with more computing resources and more sophisticated parallelization schemes. Another possible

direction for future work in this area would be the use of parallel iterative solvers.
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